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ON THE GENERALIZED COMMUTING VARIETIES OF A REDUCTIVE LIE ALGEBRA. 


JEAN-YVES CHARBONNEL AND MOUCHIRA ZAITER 


Abstract. The generalized commuting and isospectral commuting varieties of a reductive Lie algebra have 
been introduced in a preceding article. In this note, it is proved that their normalizations are Gorenstein with 
rational singularities. Moreover, their canonical modules are free of rank 1. In particular, the usual commuting 
variety is Gorenstein with rational singularities and its canonical module is free of rank 1. 
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1. Introduction 

In this note, the base field k is algebraically closed of characteristic 0, g is a reductive Lie algebra of finite 
dimension, £ is its rank, dimg - £ + 2n and G is its adjoint group. As usual, h denotes a Borel subalgebra of 
g, b a Cartan subalgebra of g, contained in b, and B the normalizer of b in G. 

1.1. Main results. By definition, fox k ^ 1, the generalized commuting variety is the closure in g^ 
of the set of elements whose components are in a same Cartan subalgebra. Denoting by the subset 
of elements of g^ whose components are in a same Borel subalgebra and by 23® its normalization, the 
generalized isospectral commuting variety C® is above and under the inverse image of C® in 23 
For k - 2, is the commuting variety of g and C® is the isospectral commuting variety considered by 
V. Ginzburg in [Gil2]. According to [CZ14, Proposition 5.6], C® is an irreducible variety. For studying 
these varieties, it is very useful to consider the closure in the grassmannian Gr^(g) of the orbit of b under the 
action of B in Gr^(g). Denoting by X this variety, G.X is the closure of the orbit of b under G. Let £o and 
£ be the restrictions to X and G.X of the tautological vector bundle over Grf(g) respectively. Denoting by 
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the fiber product over G.X of k copies of £, a subbundle of G.X x and C® is the image of £^^^ 

by the canonical projection G.X x g^-^ g^ . Analogously, denoting by £® the restriction of £® to X, 

the image of £® by the projection A x g*^-^ g^ is the closure in of the set of elements whose 

components are in a same Cartan subalgebra. The fiber bundle G Xg £q^^ is a vector bundle of rank € over 
the fiber bundle GxgX over G/B. As for there is a surjective morphism from G Xg £® onto 6^^. As a 
matter of fact, the three morphisms: 

£jf) —-—- Xo,, , --—- e« , G Xs £® —-- e® 

are projective and birational. According to [CZ14, Theorem 1.2], G.X is smooth in codimension 1 so that 
so is £®. By [C15, Theorem 1.1], X is normal and Gorenstein then so are £® and G x^ £q^\ Denoting 
by (G.A)n the normalization of G.X, the pullback bundle of £^^^ over (G.A)n is the normalization of £*^^\ 
Denoting it by £® we have projective birational morphisms: 


c W 
•^0 


r„,o,* ~ 

^ Wo,/: 5 




Tn,k 


Q(k) 


Gxb £o 


(k) 


o(k) 


with To,/t, C®, C® the normalizations of 3£o,^t^ C®; respectively. According to [C15, Proposition 4.6], 
for some smooth big open subset Oq of 3£o,/t, there exists a regular differential form of top degree without 
zero. Moreover, the restriction of ro,/t to t“J,(Go) is an isomorphism onto Oq. By a simple argument, 
and C® are smooth in codimension 1. Moreover, for some smooth big open subsets O and G* in and 
C® respectively, the restrictions of Tk and to and are isomorphisms onto O and G* 

respectively. The main observation of this note is that there are regular differential forms of top degree on G 
and G* without zero. As a result, we have the following theorem: 

Theorem 1.1. The varieties Xq^^, C® are Gorenstein with rational singularities and their canonical 
modules are free of rank 1. Moreover, {G.X\ is Gorenstein with rational singularities. 

In particular, we give a new proof of a Ginzburg’s result [Theorem 1.3.4][Gil2]. For k = 2, is the 
commuting variety of g by [Ri79] and it is normal by [C12, Theorem 1.1]. So the commuting variety of g 
is Gorenstein with rational singularities and its canonical module is free of rank 1. Since has rational 
singularities, we get that some cohomological groups in positive degree are equal to 0 and we deduce that 
X(iic is normal. 

This note is organized as follows. In Section 2, the variety X is introduced and we prove that on the 
smooth loci of X and G Xg b, there are regular differential forms of top degree without zero. In Section 3, 
we recall some results about £, X, G.X, {G.X)^. In Section 4, we give some results about C® and C® and 
we prove the main result about regular differential forms of top degree on the smooth loci of these varieties. 
As a result, we get the main result of the note in Section 5. The goal of Section 6 is the normality of Xq^^. 
At last, in the appendix, some results are given to prove the normality of Xq^^ and Theorem 1.1. 


1.2. Notations. • An algebraic variety is a reduced scheme over k of finite type. 

• For V a vector space, its dual is denoted by V* and the augmentation ideal of its symmetric algebra 
S(F) is denoted by S+(F). For A a graded algebra over N, A+ is the ideal generated by the homogeneous 
elements of positive degree. 

• All topological terms refer to the Zariski topology. If F is a subset of a topological space X, denote by 
Y the closure of Y in X. For F an open subset of the algebraic variety X, Y is called a big open subset if 
the codimension of A \ F in A is at least 2. For F a closed subset of an algebraic variety A, its dimension 
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is the biggest dimension of its irreducible components and its codimension in X is the smallest codimension 
in X of its irreducible components. For X an algebraic variety, Ox is its structural sheaf, Xsm is its smooth 
locus, k[X] is the algebra of regular functions on X and k(X) is the field of rational functions on X when X 
is irreducible. When X is smooth and irreducible, the sheaf of regular differential forms of top degree on X 
is denoted by Ox- 

• For X an algebraic variety and for M a sheaf on X, F(V', M) is the space of local sections of M over 
the open subset V of X. For i a nonnegative integer, H'(X, M) is the /-th group of cohomology of M. For 
example, H°(X, M) = F(X, M). 

Lemma 1.2. [EG All, Corollaire 5.4.3] Let X be an irreducible affine algebraic variety and let Y be a 
desingularization ofX. Then H^(F, Oy) is the integral closure o/k[X] in its fraction field. 

• For E a set and k a positive integer, denotes its ^-th cartesian power. If E is finite, its cardinality is 
denoted by lEI. 

• For a reductive Lie algebra, its rank is denoted by rk a and the dimension of its Borel subalgebras is 
denoted by b„. In particular, dim a = 2ba - rka. 

• If E is a subset of a vector space V, denote by span(£') the vector subspace of V generated by E. The 
grassmannian of all tZ-dimensional subspaces of V is denoted by Grd(F). By definition, a cone of F is a 
subset of V invariant under the natural action of k* := k\ [Oj and a multicone of is a subset of invariant 
under the natural action of (k*)^ on F*^. 

• The dual of g is denoted by g* and it identifies with g by a given non degenerate, invariant, symmetric 
bilinear form (.,.) on g x g, extending the Killing form of [g, g]. 

• Let b be a Borel subalgebra of g and let b be a Cartan subalgebra of g contained in b. Denote by 3? the 
root system of b in g and by the positive root system of Ik defined by b. The Weyl group of Ik is denoted 
by IF(Ik) and the basis of Ik+ is denoted by IT. The neutral elements of G and IF(Ik) are denoted by Ig and 
If, respectively. For a in Ik, the corresponding root subspace is denoted by g" and a generator Xa of g" is 
chosen so that {x ^, x-a) = 1 for all a in Ik. Let Ha be the coroot of a. 

• The normalizers of b and b in G are denoted by B and NgQ)) respectively. For xinb,x is the element of 
b such that X - T is in the nilpotent radical u of b. 

• For X an algebraic B-variety, denote by G XgX the quotient of G x X under the right action of B given 
by {g, x).b := (gb, b~^ .x). More generally, for k positive integer and for X an algebraic ^-variety, denote by 
G^ Xgk X the quotient of G^ x X under the right action of given by {g, x).b := (gb, b~^ .x) with g and b in 
G* and B^ respectively. 

Lemma 1.3. Let P and Q be parabolic subgroups ofG such that P is contained in Q. Let X be a Q-variety 
and let Y be a closed subset of X, invariant under P. Then Q.Y is a closed subset of X. Moreover, the 
canonical map from QXpY to Q.Y is a projective morphism. 

Proof. Since P and Q are parabolic subgroups of G and since P is contained in 2, 2/B is a projective 
variety. Denote by QxpX and QxpY the quotients of 2 x X and QxY under the right action of P given 
by {g, x).p {gp, p~^ .x). Let ^ ^ be the quotient map from Q to QjP. Since X is a Q-variety, the map 

QxX —> Q/P X X {g, x) (p, g.x) 

defines through the quotient an isomorphism from QxpX to QJPxX. Since F is a P-invariant closed subset 
of X, Q Xp F is a closed subset of Q XpX and its image by the above isomorphism equals Q/P x Q.Y. Hence 
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Q.Y is a closed subset of X since QjP is a projective variety. From the commutative diagram: 


QxpY - ^QIPxQ.Y 



QY 


we deduce that the map QxpY -^ Q.Y is a projective morphism. □ 

• For k I and for the diagonal action of B in b*, is a B-variety. The canonical map from G x b^ 
to G X 5 b^ is denoted by {g,xi,..xQ ^ {g,x\,... ,Xk)- Let 23^^^ be the image of G x b^ by the map 
{g,x\,. .. ,Xk) ^ {g{x.i), ... ,g{xk)) so that 23^^^ is a closed subset of by Lemma 1.3. Let 'B® be the 
normalization of and 77 the normalization morphism. We have the commutative diagram: 



B(L 


• Let 4 be the injection {x\,.. .,Xk) ^ (Ig, vj,..., Xk) from b*^ to G Xg b^. Then := 704 and ^ := yn°4 
are closed embeddings of b^ into B® and B® respectively. In particular, B® = G.i^(b*^) and B® = 
G.v^(b'). 

• Let e be the sum of the v^j’s, yS in IT, and let h be the element of f) n [g, g] such that PQi) - 2 for all 
P in IT. Then there exists a unique / in [g, g] such that {e, h, f) is a principal sl 2 -triple. The one parameter 
subgroup of G generated by ad/j is denoted by t i-> h{t). The Borel subalgebra containing / is denoted by 
b_ and its nilpotent radical is denoted by u_. Let B_ be the normalizer of b_ in G and let U and U- be the 
unipotent radicals of B and B_ respectively. 

Lemma 1.4. Let k 2 be an integer. Let X be an affine variety and set Y b^ x X. Let Z be a closed 
subset ofY invariant under the action ofB given by g.{v\,... ,Vk,x) = (givQ,... ,g{vk), x) with (g,vi,..., vQ 
in B xb^ and x in X. Then Z xX is the image ofZ by the projection {v\,... ,Vk, x) (iq, .. .,Vk,x). 

Proof. For all c in b, 

V = lim h(t)(v) 
t^o 

whence the lemma since Z is closed and B-invariant. □ 

• For X e Q, let Vg and Xn be the semisimple and nilpotent components of x in g. Denote by g^ and G^ the 
centralizers of v in g and G respectively. For a a subalgebra of g and for A a subgroup of G, set: 

a-":=ang^ A^:-AnG-V 

The set of regular elements of g is 

Sreg e 9 I dimg^ ^ (}. 

Denote by greg.ss the set of regular semisimple elements of g. Both greg and greg.ss are G-invariant dense open 
subsets of g. Setting f)reg h n g^g, b^g := b n greg, greg.ss = GChreg) and greg = G(breg). 

• Let pi,..., pfhe some homogeneous polynomials generating the algebra SCg)*^ of invariant polynomials 

under G. For i - . .,i and for x in g, denote by efx) the element of g given by 

d 

{sfx ), y) = —Pi{x + ty) |r=o 
at 
4 








for all y in g. Thereby, e, is an invariant element of S(g) 9 under the canonical action of G. According 
to [Ko63, Theorem 9], for in g, ;c is in g^g if and only if e\{x), ... ,e({x) are linearly independent. In this 
case, £i(;r),..., se{x) is a basis of g^. 


2. On the varieties X and G Xg b 

Denote by Tig : g ^ g//G and tti, : h —> the quotient maps, i.e the morphisms defined by the 

invariants. Recall g/ jG = I)/1T(3?), and let X be the following fiber product: 


It-—^ I)/1T(3?) 

where^ andp are the restriction maps. The actions of G and IT(IK) on g and I) respectively induce an action of 
GxVTfdJ) on X. According to [CZ14, Lemma 2.4], X is irreducible and normal. Moreover, Xreg giegXf)nX 
is a smooth open subset of X, k[X] is the space of global sections OGxgb and k[X]^ = S(f)). According to 
[CZ14, Lemma 2.4], the map 

G X b-^ X , (g, x) I—> (g(x), x) 

defines through the quotient a projective birational morphism 

G Xb b- - -^ X . 

Lemma 2.1. (i) The set breg is a big open subset o/b. 

(ii) The set G Xg b^g is a big open subset ofGxgh. 

(iii) The restriction ofxn to GXg breg A an isomorphism onto Xreg- 

(iv) The restriction of to greg is a smooth morphism. 

Proof, (i) Let E be an irreducible component of b \ breg. Then E is a closed cone invariant under B and 
E := E n I) is a closed cone of h- According to Lemma 1.4, E is contained in E + u. Suppose that E has 
codimension 1 in b. A contradiction is expected. Then E = h or E has codimension 1 in h- The first case is 
impossible since h n breg is not empty. Hence E = E + u since E is irreducible of codimension 1 in b. As a 
result, u is contained in E since E is a closed cone, whence the contradiction since u fi breg is not empty. 

(ii) The complement of G Xg breg in G Xb b is equal to G Xb b \ breg. By (i), b \ breg, is a R-invariant closed 
subset of b of dimension at most dim b - 2. Then G Xb b \ breg is a closed subset of G Xb b of codimension 
at least 2 , whence the assertion. 

(iii) By definition, Xreg = Xn{G Xb breg). Let {g\,x\) and {g 2 ,X 2 ) be in G x breg such that {gi{x\),^ - 
(g 2 {x 2 ),'^- For some bi and b 2 in B, 

bi{xi)s ^ XT and b 2 {x 2 )s ^ X 2 ^ M. 

Setting: 

i /1 := bfxi) and 1/2 := b 2 {x 2 ), 

y 2 - b 2 g 2 ^gib~^{yi) is a regular element of g^‘. In particular, i/ 2 ,n and i/i „ are regular nilpotent elements of 
g^* and they are in the borel subalgebra b n g-*^* ofg^'. Hence f 729 ' 2 ' 9 i^r' is in B and so is g^^gi. Asaresult, 
the restriction of;^n to G Xb breg is injective. So, by Zariski’s Main Theorem [Mu 88 , §9], the restriction of 
;t'n to G Xb breg is an isomorphism onto Xreg since Xreg is a smooth variety. 
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(iv) Let X be in greg- The kernel of the differential of TTg at x is the orthogonal complement of g^ so that 
the differential of TTg at is surjective whence the assertion by [H77, Ch. Ill, Proposition 10.4]. □ 

Proposition 2.2. (i) There exists a regular form of top degree, without zero on Xreg- 
(ii) There exists a regular form of top degree, without zero on G Xb^. 

Proof (i) Let tu be a volume form on g. According to Lemma 2. L(iv), the restriction of oj to g^g is divisible 
by dpj A • • • A Apf so that 

oj = a dpjA • • • Adp^ 

with a a regular relative differential form of top degree with respect to TTg. Denoting hy vi,... ,vi & basis of 

f), 

co' := a A dvi A • • • A dvi 

is a regular form of top degree on Xj-eg since SCg)*^ identifies with a subalgebra of S(l)). As TTg and p have the 
same fibers and oj has no zero so has eo'. 

(ii) By Lemma 2.L(iii), is a regular form of top degree on G Xg b^g without zero. Then by 

Lemma C. L(ii) and Lemma 2. L(ii)^ theres exists a regular form of top degree on G Xg b, without zero. □ 


3. Main varieties and tautological vector bundles 


Denote by X the closure in Grf(g) of the orbit of h under B. Since G/B is a projective variety, G.X is the 
closure in Grf(g) of the orbit of I) under G. Set: 

£o := {{u, x) € X X b I; X e «}, £ := {(«, x) € G.X x g |; x e «}. 


Then £o and £ are the restrictions to X and G.X respectively of the tautological vector bundle of rank £ over 
Grf(g). Denote by tiq and n the bundle projections: 


£o 




X, 


£ 




G.X . 


Since the map 

fJreg ^ Gr^(g) , XI > g 

is regular, for all x in gi-gg, g’^ is in G.X and for all x in bj-eg, g’^ is in X. Denoting by X' the image of breg, G.X' 
is the image of g^g and according to [CZ14, Theorem 1.2], X' and G.X' are smooth big open subsets of X 
and G.X respectively. 

Let To and r be the restrictions to £o and £ respectively of the canonical projection Gr/(g) x g —> g. 
Denote by tt* and t* the morphisms 

Gxg£o- - -^GxgX, and G Xg £o--^X 


defined through the quotients by the maps 

G X £o-^ G X X , ig,u, x) i—> (g, u). 


G X £o-^ X , {g, u, x) i—> (p(x), x). 

Lemma 3.1. (i) The morphism tq is a projective and birational morphism from £o onto b. 

(ii) The morphism r is a projective and birational morphism from £ onto g. 

(iii) The morphism r* is a projective and birational morphism from G Xg £o onto X. 
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Proof, (i) and (ii) Since X and G.X are projective varieties, tq and r are projective morphisms. For v in greg, 
T~^{x) = {g^}. Hence tq and t are birational and their images are b and g since greg is an open subset of g. 
(iii) The morphism 

G X £o-^ G X b , {g,u, x) \— > {g, x) 

defines through the quotient a morphism 

G X5 £0 -s- G X5 b . 

The varieties G x^ £0 and G x^ b are embedded into G/B x £ and GIB x q respectively as closed subsets 
and T \ is the restriction to G Xg £0 of idc/fiXT. Hence ti is a projective morphism by (ii). As t* is the 
composition of t\ andxn, t* is a projective morphism since so is;t^n. The map 

G X breg-^ G X £0 , (g, x) I —> (g, g^, x) 

defines through the quotient a morphism 

G Xb breg ---^ G Xfi £0 . 

According to Lemma 2.1, (iii), the restriction of t* to T2^(Xreg) is an isomorphism onto Xj-eg whose inverse 
is In particular, t* is birational. □ 


Denote by (G.X)n the normalization of G.X. Let £„ be the following fiber product: 


£ 


n 




Vn 


£ 


(G.A)n -^-- G.X 


with V the normalization morphism, Vn, tTh the restriction maps. 


Proposition 3.2. (i) The varieties £0 and X are Gorenstein with rational singularities. 

(ii) The varieties £„ and Xn are Gorenstein with rational singularities. 

(iii) The varieties G x^ £0 and G Xb X are Gorenstein with rational singularities. 


Proof. According to [C15, Theorem 1.1], X is Gorenstein with rational singularities, then by Lemma D.l,(i) 
and (iv), so is £0 as a vector bundle over X. Furthermore, by Lemma D. l,(i) and (iii), G Xg X is Gorenstein 
with rational singularities as a fiber bundle over a smooth variety whose fibers are Gorenstein with rational 
singularities. As a result, by Lemma D.l,(i) and (iv), G Xb £0 is Gorenstein with rational singularities as a 
vector bundle over G Xb X. 

Proposition 3.2,(ii) will be proved in Section 5 (see Corollary 5.2). □ 


4. On the generalized isospectral commuting variety 
Let ^ ^ 2 be an integer. The variety G^ Xgt b* identifies with (G Xg b)^. Denote by;y® the morphism 

(I) 

G'^ Xgl b^ - — -^ X^^) , (xi,...,Xk) I - > (Xn(xi), . . . ,Xn(Xk)). 

The varitey G/B identifies with the diagonal A of {GjBf so that G Xg b^ identifies with the restriction to A 
of the vector bundle G^ Xg* b® over G/B. Denote by yx the restriction of Xn^ to G Xg b^ and by 23® its 
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image, whence a commutative diagram 





with T] the restriction to 23® of the canonical projection ^ . Let ^ be the map given by 

^ Jk ^ {xi,...,Xk) I-> {Xl,...,Xk,X{,...,Xk). 

According to [CZ14, Lemma 2.7,(i) and Corollary 2.8,(i)], tx^jt is a closed embedding of into 23® and yx 
is a projective birational morphism so that 23® is the normalization of 23x^\ Denote by the closure of 
in g^ with respect to the diagonal action of G in g^ and set S® //“^(S®). The varieties and C® 
are called generalized commuting variety and generalized isospectral commuting variety respectively. For 
k = 2, C® is the isospectral commuting variety considered by M. Haim an in [Ha99, §8] and [Ha02, §7.2]. 
According to [CZ14, Proposition 5.6], C® is irreducible and equal to the closure of G.ix,i:(f)^) in 23x*^ 

4.1. We consider the diagonal action of B in b^. Let be the closure of B.f)^ in b^. Set: 

£® := {{u, xi,..., Xk) & G.X X \ xi e u,..., Xk & u] and £® := £® n A x b^. 

Then £® and £^^^ are vector bundles over X and G.X respectively. Denote by and respectively their 
bundle projections. Let To,k and Tk be the restrictions to £® and £® respectively of the canonical projection 
Gr/(g) X g^ ^ g*^. Denote by n^^k and T^.^k the morphisms 

G Xb £®- — -^ GxbX , and G Xb £® —— -^ X^ 

defined through the quotients by the maps 

G X £®-^ G xX , (g,u, x) i—> {g, u), 

G X £®-^ X^ , {g,u,xi,...,Xk) i—> {g{xi),... ,g{xk),xl,... ,xid). 

Lemma 4.1. (i) The morphism jQ^k is a projective morphism from £® onto To.jt- 
(ii) The morphism Tk is a projective morphism from £® qyiiq gW 
(hi) The morphism Tt,k is a projective morphism from G Xb £® onto 

Proof (i) Since A is a projective variety, To,/t is a projective morphism. Then its image is an irreducible 
closed subset of b*^ since £® is irreducible as a vector bundle over an irreducible variety. Moreover, 
is contained in To,jt(£®) since is invariant under B and contains As a vector bundle of rank ki 

over A, £® has dimension ki + dimu. Since the restriction to 17 x hJeg of the map 

Bx\)^ -^ b*' , {g,xi,...,Xk) i—> {g{xi),... ,g{xk)) 

is injective, To./t has dimension dimn + ki. Hence Toy is the image of £® by to,*. 

(ii) Since G.A is a projective variety, Tk is a projective morphism. Then its image is an irreducible 
closed subset of g^ since £^^^ is irreducible as a vector bundle over an irreducible variety. Moreover, G.l)^ is 










contained in Tyt(£®) since T/t(£®) is invariant under G and contains t)^. As a vector bundle of rank k£ over 
G.X, £^^^ has dimension k( + 2dimu. Since the fibers of the restriction to G x hreg of th® rnap 

G X ^ , {g,xi,..., xu) i—> {g{xi),g{xk)) 

have dimension £, has dimension 2dim u + ki. Hence C® is the image of by Tk- 
(iii) The morphism 


G X £®-^ G X , {g, u, x) i—> {g, x) 

defines fhrough fhe quofienf a morphism 

G Xb £®- — -- G Xb b^ 


The varieties Gxb£® and Gx^b^ are embedded info G/Bx £® and G/B x g*^ respectively as closed subsefs 
and Ti^k is the restriction to G Xg £® of idc/eXT^;. Hence ti is a projective morphism by (ii). As is 
the composition of n^k and y^, is a projective morphism since so is y^. Moreover, by (ii), the image of 
770 T*,j(: is equal to Hence C® is the image of since it is irreducible and equal to 77“^(C®). □ 


4.2. For j = I,... ,k, denote by F® the subset of elements of whose j-th component is in breg and by 
F® the subset of elements of C® whose y-th component is in greg- Let IF® be the inverse image of F® by 

n- 

Let (Tj be the automorphism of g^ permuting the first and the y'-th components of its elements. Then cry 
is equivariant under the diagonal action of G in g*^ and b^ and are invariant under cry. As a result, 3£o,/t L 
invariant under cry and cry(F®) = F®. In the same way, is invariant under cry and cry(F®) = The 
map 

G X b^-^ G X b^ , {g, x) i—> (g, <Tj(x)) 

defines fhrough fhe quofienf an automorphism of G Xg b^. Denofe again by cry this automorphism and the 
restriction to of the automorphism (x, y) (cry(x), crj{y)) of ^ x Since 23® is contained in X*^ and 
7x is a morphism from G Xb b^ to X*^ such that 7x°cry - o-joy^, 23® is invariant under cry. In the same 
way, CTyoy = yocTy and 23^^^ is invariant under cry. As a result crfg = g°o-j, C® is invariant under cry and 
cry(IFj®) - wf\ 

Lemma 4.2. Let y = 1,... ,k. 

(i) The set F® is a smooth open subset of Xq,*- Moreover there exists a regular differential form of top 
degree on F®., without zero. 

(ii) The set F® is a smooth open subset ofQ^^\ Moreover there exists a regular differential form of top 
degree on V^p, without zero. 

(iii) The set VF® is a smooth open subset of Moreover there exists a regular differential form of top 
degree on W^, without zero. 

Proof. According to the above remarks, we can suppose y = 1. 

(i) By definition, F® is the intersection of Xoy and the open subset b^g x b^“' of b^. Hence F® is an 

open subset of Xq,*. For x^ in bj-eg, (xi,..., xf) is in F® if and only if ^ 2 ,..., Xk are in g^* by Lemma 4.1,(i) 
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since g-^' is in X. According to [Ko63, Theorem 9], for x in breg, si{x),... ,Si{x) is a basis of g^ and g^ is 
contained in b. Hence the map 


breg X M;t-l/(k) — -- T® , 

{x, (aij, 1 < / < ^ - 1,1 < 7 < I —> (x, aijEjix),at-ijSjix)) 

is a bijective morphism. The open subset bi-gg has a cover by open subsets V such that for some ej,... ,e„ 
in b, El (x),..E({x), Cl,..., is a basis of b for all x in V. Then there exist regular functions (pi, ... ,ipe on 
V xh such that 

£ 

V - 'y^(fj{x, v)Ej(x) e span(ei, 
j=i 

for all {x, u) in T X b, so that the restriction of 0 o to T x M^_i7(k) is an isomorphism onto D T x b^~^ 
whose inverse is 

ixu...,Xk )\—> ixi,iiipiixi,Xi),...,ipiixuXi)),i = 2,...,k)). 

As a result, Oq is an isomorphism and T® is a smooth variety. Since breg is a smooth open subset of the 
vector space b, there exists a regular differential form co of top degree on breg xMi_i 7 (k), without zero. Then 
dotico) is a regular differential form of top degree on without zero. 

(ii) By definition, T® is the intersection of and the open subset greg x g^~^ of g^. Hence T® is an 
open subset of C®. For x\ in greg, (xi,..., X/t) is in F® if and only if X 2 ,..., Xk are in g^‘ by Lemma 4.1,(ii) 
since g^* is in G.X. According to [Ko63, Theorem 9], for x in greg, ei(x),... ,ef(x) is a basis of g^. Hence 
the map 

greg X M;t-l/(lk) — -- Vf , 

(x, (a,j, 1 < / < ^ - 1,1 < 7 < f)) I—> (x, ^7=1 aijEjix ), at - ijEjix )) 

is a bijective morphism. The open subset greg has a cover by open subsets V such that for some ei,.. .,e 2 n 
in g, £i(x),... ,E({x), ci,... ,C 2 « is a basis of g for all x in V. Then there exist regular functions ^i,... ,^^ on 
F X g such that 

£ 

c - ^ (Pj{x, v)Ej{x) £ span(ei,..., e2n) 

y=i 

for all (x, r) in F X g, so that the restriction of 0 to F x M^_i 7 (k) is an isomorphism onto n F x b^“^ 
whose inverse is 

(xi,...,x^) I—> (Xi,((^Ci(Xi,X;), ...,<^^(xi,x,-)),/ = 2,...,k)). 

As a result, 6 is an isomorphism and F® is a smooth variety. Since greg is a smooth open subset of the vector 
space g, there exists a regular differential form a> of top degree on greg x M,(:_i 7 (k), without zero. Then 0*((u) 
is a regular differential form of top degree on vf\ without zero. 

(iii) Since Xreg is the inverse image of greg by the canonical projection X -^ g , is the intersection 

of C® and Xreg x Hence 1F|^^ is an open subset of Moreover, is the image of G x^ F® by 
yx- Since the maps ei,..., are G-equivariant, the map 

G X breg X M;t_i 7 (k) -- Wf , 

{g, X, ajj, 1 < / < ^ - 1,1 < j I— > yxig, do{x, aij, I < / < A: - 1,1 < 7 < A’)) 
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defines through the quotient a surjective morphism 


G Xb breg X Mi_i,KIk) — -- wf . 

Let ru 2 be the canonical projection 

greg X ^ . 

According to Lemma 2. L(iii)^ the restriction of Xn to G Xb breg is an isomorphism onto Xreg- So denote by 
vJi the morphism 

TiTl _i 

W\ -^GXfibreg , {Xi,...,Xk,yi,...,yk) '->An (xuyi)- 


Then 6^ is an isomorphism whose inverse is given by 

X I —> (miix), 'nJ2°S~^ori(x)) 

since r]{Wf^) - In particular, IT® is a smooth open subset of According to Proposition 2.2, (ii), 
there exists a regular differential form oj of top degree on G Xb breg x without zero. Then 0x*(w) 

is a regular differential form of top degree on without zero. □ 


Corollary 4.3. Let j = . .,k. 

(i) The morphism To^k is birational. More precisely, the restriction ofjQ^k to on isomorphism 

onto T®. 

(ii) The morphism Tk is birational. More precisely, the restriction of Tk to on isomorphism 

onto T®. 

(iii) The morphism T^^k ^ birational. More precisely, the restriction to t“J,(1T®) is an isomorphism 

onto 

Proof. According to the above remarks, we can suppose j - f. 

(i) For (vi,..., Xk) in V® and for n in A containing x\,... ,Xk, u - g^‘ since xi is regular. Hence the 
restriction of ZQ^k to Tq[(T®) is injective. According to Lemma 4.1,(i), V® is the image of Tq'^(T®) by 
To^k- So, by Lemma 4.2,(i) and Zariski’s Main Theorem [Mu88, §9], the restriction of zo^k to Tq j) is an 
isomorphism onto T®. 

(ii) For (vi,... ,Xk) in T® and for u in G.X containing x\,... ,Xk, u = g^‘ since x\ is regular. Hence 
the restriction of Zk to Tj;^(T®) is injective. According to Lemma 4.1,(ii), is the image of r^^T®) by 
Zk. So, by Lemma 4.2,(ii) and Zariski’s Main Theorem [Mu88, §9], the restriction of Zk to t“'(Fj®) is an 
isomorphism onto 

(iii) The variety Gxgfi® identifies to a closed subvariety of GjBxL'^^K For (xi,... ,Xk,yi,... ,yk) in IT® 
and (u, v) 'mGjBxG.X such that (u, v, xi, ...,Xk)is inGx 5 £|*\ (xi, i/i) is in Xreg,Xn(o, xi) = (xi,yi) and v = 
g’^* since x\ is regular. Moreover, u is unique by Lemma 2.1, (hi)- Hence the restriction of to t“[( 1T®) is 
injective. According to Lemma 4.1, (hi), ITj® is the image of ^“[(ITj®) by z^.^k■ So, by Lemma 4.2,(iii) and 
Zariski’s Main Theorem [Mu88, §9], the restriction of to t“^( 1T®) is an isomorphism onto ITj®. □ 


Set: 


y(k) . y(k) 
*^0 • *^ 0,1 


u t; 


ik) 


0 , 2 ’ 


T® U Tf\ IT® := U lTf\ 
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Lemma 4.4. (i) The set is a big open subset of 8 .q\ 

(ii) The set is a big open subset of 

(i) The set is a big open subset of G Xg £^^1 

Proof (i) Let S be an irredueible eomponent of £® \ Sinee is a B-invariant open eone, S is 

a B-invariant elosed subset of £® sueh that S n is a elosed eone of J.(m) for all u in As a 

result no^ki^) is a elosed subset of X. Indeed, no^kC^) x {0} = S n A X {0}. For u in no^kC^), denote by E„ the 
elosed subvariety of u^ sueh that n S = {n} x 

Suppose that E has eodimension 1 in 8.q\ A eontradietion is expeeted. Then TTo.jtCE) has eodimension at 
most 1 in X. Sinee X' is a big open subset of X, for all n in a dense open subset of 7ro,jt(2), u n breg is not 
empty. If no,k{T^) has eodimension 1 in X, then = u^ for all u in 7ro,/t(S)- Henee = X and for all u 

in a dense open subset of X', E„ has dimension k( - 1. For sueh u, the image of E„ by the first projeetion 

onto u is not dense in u sinee u n breg is not empty. Henee the image of by the seeond projeetion is equal 

to u sinee E„ has eodimension 1 in u^. It is impossible sinee this image is eontained in n \ breg. 

(ii) Let S be an irredueible eomponent of £^^^ \ Sinee is a G-invariant open eone, S is a 

G-invariant elosed subset of £® sueh that S n 7:~^{u) is a elosed eone of n~^{u) for all u in nk(T,). As a result 
TTjtCX) is a elosed subset of G.X. Indeed, nk(T,) x {0} = S n G.X x {0}. For u in nk(T,), denote by E„ the elosed 
subvariety of u^ sueh that n E = {«} X E„. 

Suppose that E has eodimension 1 in £^^\ A eontradietion is expeeted. Then nkiT.) has eodimension at 
most 1 in X. Sinee G.X' is a big open subset of G.X, for all n in a dense open subset of nk(T,), u n Qreg is not 
empty. If 71^(1.) has eodimension 1 in G.X, then E„ = u^ for all u in nk(T,). Henee tt^-CE) = G.A and for all u 
in a dense open subset of G.A', E„ has dimension k£ - 1. For sueh u, the image of E„ by the first projeetion 
onto u is not dense in u sinee u n Qreg is not empty. Henee the image of E„ by the seeond projeetion is equal 
to u sinee E„ has eodimension 1 in u^. It is impossible sinee this image is eontained in n \ Qreg. 

(iii) Let E be an irredueible eomponent of G x^ £® \ Sinee is a G-invariant open eone, E 

is a G-invariant elosed subset of G Xg \ So, for some B-invariant elosed subset Eq of £|j^\ E = G Xg Eq. 
Moreover, Eq is eontained in 8.o,k \ Aeeording to (i), Eq has eodimension at least 2 in \ Henee 

E has eodimension at least 2 in G Xg £|j^\ □ 

4.3. For 2 ^ k' 4: k, the projeetion 

9 ^-^ 9 ^', ixi,...,Xk)i—> ixi,...,Xk') 


induees the projeetions 

^o,k 




y(k) 

*^ 0,7 



Set: 


V 


ik) 


0 , 1,2 


:= F® n 


0,1 


0 , 2 - 


Lemma 4.5. Let co be a regular differential form of top degree on F®, without zero. Denote by o)' its 
restriction to F® 2 - 

(i) For ip in k[F®], ifp has no zero then p is in k*. 

(ii) For some invertible element if o/kfFg^j* 2 ]> - >fo- 2 *{co'). 

(iii) The function ij/{i//ocr 2 ) on F® 2 equal to 1. 
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Proof. The existence of oj results from Lemma 4.2,(i). 

(i) According to Lemma 4.2, (i), there is an isomorphism 6q from b^g x Mi_i ^(k) onto Since (p is 
invertible, <fi°0o is an invertible element of k[breg]. According to Lemma 2. 1,(1), k[bjeg] = k[b]. Hence ip is 
ink*. 

(ii) The open subset ^ is invariant under cr 2 so that oj' and cr 2 *(a»') are regular differential forms of 
top degree on L® without zero. Then for some invertible element ijj of k[L® co' = ^cr 2 *{co'). Let O 2 
be the set of elements {x, ajj, 1 < / < ^ - 1,1 ^ 7 ^ of b^g x M,(--i,f(k) such that 

ai^isfx) + • • • + ai/ef(x) e breg. 

Then O 2 is the inverse image of L® 2 by ^o- As a result, k[L® 2 ] is a polynomial algebra over k[L® 2 ] since 
for k = 2,02 is the inverse image by of 2 - Hence i/r is in k[L® since ijj is invertible. 

(iii) Since the restriction of cr 2 to L® 2 is an involution, 

cr2*(m') = ifoo-2)a>' = {tf/°o-2)iko-2*{oj'), 

whence {if/°cr 2 )ip =1. □ 

Corollary 4.6. The function f is invariant under the action ofB in L® 2 and for some sequence m^, a £ 
in Z, 

iA(xi, . ..,Xk)^± ]~[ (a(xi)o'(x2)"^)'”“, 

Q'£Dt+ 

for all (xi,, xf) in h^g X 1)^“^- 

Proof. First of all, since V® and Vg 2 invariant under the action of B in so is L® 2 - Let g be in B. 
Since co has no zero, g.oo = pgco for some invertible element pg of k[F®]. By Lemma 4.5,(i), pg is in k*. 
Since a ‘2 is a B-equivariant isomorphism from L® onto 

g.o- 2 *ioj) = PgO- 2 *{m) and pgOj' = g.co' = {g.f)g.o- 2 *{co') = pg{g.t]j)a- 2 *{co'), 
whence g.f = i}/. 

The open subset l)^gg of is the complement of the nullvariety of the function 

lx, ?/) ^ ]~[ aix)a(y). 

Then, by Lemma 4.5,(ii), for some a in k* and for some sequences nia, a e 01+ and na, a £ 1R+ in Z, 

ij/ixi, ...,Xk) = a a(xi)'”“a(x2)”“, 

Q'e3?+ 

for all {x\,..., xf) in l)^gg x Then, by Lemma 4.5, (iii), 

a^ a(x)'”“+”“a(^)'”“+”“ - 1, 
aetk+ 

for all {x, y) in hreg- Hence a^ = \ and ma + na = 0 for all a in 3J+. □ 

For a a positive root, denote by 1)q, the kernel of a and set: 

:= © g“. 

Denote by 0 q, the map 

Qq- 

k-^ X , 1 1 —> exp(tadxQ,).l). 
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According to [Sh94, Ch. VI, Theorem 1], 6„ has a regular extension to P^(k). Set Z„ 6 „(P^(k)). Denote 
again by a the element of b* extending a and equal to 0 on u. 

Lemma 4.7. Let a be in 3?+ and let xq and yo be subregular in !)«. Set: 

£ kxo 0 k//Q,©g", £* :-xq ©k/Zo, © g", £*4 := xo©kZ/Q,©(g“ \ { 0 }), £*^2 = yo©k^Q-®( 9 “ \ (O)). 

(i) For X in £■*, the centralizer of x in b is contained in ha + E. 

(ii) For V subspace of dimension {ofl)a+E, V is in X if and only if it is in Za- 
(hi) The intersection of Et:^\ x £'*,2 cind To ,2 A the nullvariety of the function 

(x, y) I—> {x-a , y)a{x) - {x-a , x)a{y) 

on Et^\ X £'*_2- 

Proof (i) If X is regular semisimple, its component on Z/q. is different from 0 so that g-' = 0a(f) for some t in 
k. Suppose that x is not regular semisimple. Then x is in xq + g“. Hence g^ n b is contained in ha + £ since 
so is g^o n b. 

(ii) All element of Za is contained in ha + £■ Let V be an element of X, contained in ha + £■ According 
to [CZ14, Corollary 4.3], V is an algebraic commutative subalgebra of dimension Z of b. By (i), V - Oa(t) 
for some t in k if V is a Cartan subalgebra. Otherwise, Xa is in V. Then V = 0a(“) since 0a(oo) is the 
centralizer of Xa in ha + E. 

(iii) Let (x, y) be in £* 1 x £* 2 n To, 2 - According to Lemma 4. l,(i), for some V in A, x and y are in V. By 
(i) and (ii), V = 0a(0 for some t in P^(k). For t in k, 

X = xo + s{Ha - 2tXa) and y = yo + s\Ela - 2tXa) 

for some s, s' in k, whence the equality of the assertion. For t = 00 , 

X = Xo + sxa and y = yo + s' Xa 

for some s, s' in k so that a(x) = a{y) = 0. Conversely, let (x, y) be in £*j x £*^2 such that 

(x-a , y)a{x) - {x-a, x)a{y) = 0. 

If a(x) = 0 then a{y) - 0 and x and y are in Va = 0a(°°)- If (x{x) 0, then a(y) 0 and 

{X-a,x) {X-a,x) 

X € 0a(-——) and y £ 0a(- 

a(x) a{x) 

whence the assertion. □ 

Proposition 4.8. There exists on V® a regular differential form of top degree without zero. 

Proof According to Corollary 4.6, it suffices to prove ma = 0 for all a in 3 ?+. Indeed, if so, by Corollary 4.6, 
f = ±\ on the open subset £.(hreg of ^ 0 ^^ so that = ±1 on 2 - Then, by Lemma 4.5,(ii), a> and 

±cr 2 *(a») have the same restriction to V® 2 so that there exists a regular differential form of top degree & on 
V® whose restrictions to V® and ¥^2 ^0 ^ and ±cr 2 *(a») respectively. Moreover, co has no zero since so 
has 0 ). 

Since f is in k[VQ ^ 2 ] by Lemma 4.5,(ii), we can suppose k = 2. Let a be in 3?+, £, £*,£* 1 , £* 2 as in 
Lemma 4.7. Suppose ma t 0. A contradiction is expected. According to Lemma 4.7,(iii), the restriction of 
f to £» j X £*,2 n V® 2 is given by 

f{x, y) = a{x_a , xT{x-a , yf, 
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with a in k* and {m,n) in since ^ is an invertible element of k[V'® 2 ]- According to Lemma 4.5, (hi), 
n = -manda = ±1. Interchanging the role of .r and we can suppose m in N. ¥or{x,ij) in £* 1 xS* 2ny® 2 
such that a{x) 0, a{i)) t 0 and 


rf^{x,y) = . ±a(x)“a(?/)-'”. 

a{x) 

As a result, by Corollary 4.6, for xinxo + k*//^ and y in + t*Ha, 


(1) 

± a{xy 

Eor y in 1R+, 

1 


y(x) = y(.ro) + - 

Since m is in N, 


(2) 

± a{xr n (T(?/o) + : 


ye0i+ 

my>Q 


±a{yT ]~[ (r(-^o) ■ 


7e3J+ 

my>0 


yeJl+ 


1 


re3l+ 

my<0 


ye0i+ 

my<0 


For /fia positive, the terms of lowest degree in (a(x), a(y)) of left and right sides are 

±a{x)'”a{y)'"‘‘ ]~[ yiyoT^ ]~[ 7 (^ 0 )“'”’' and ±a{yTa{xT^ ]~[ r(xo)'"’' ]~[ 

yGDi+\{ff| 7GD^+\{ff| yG3i+\{tt! yGDi+\|Q'} 

njy>0 my<0 my>0 rtJy<0 

respectively and for negative, the terms of lowest degree in (a(x), a{y)) of left and right sides are 

Y\ yiyor^ n n y(^o)'”^ f] 

yG3J+\{a} yGDi+\{a} yGDi+\{a} yeSJ+Ma) 

ffjy>0 my<0 my>0 my<0 

respectively. From the equality of these terms, we deduce m = ±ma and 

n r(?/o)'”^ n r(-^o)-'”^=± n n 

yG3^+\|Q'} yG3i+\|Q') yGD^+Mcrl yG3i+\{a} 

/»y>0 /Hy<0 my>0 «7y<0 

Since the last equality does not depend on the choice of subregular elements xq and yo in ha, this equality 
remains true for all (xq, yo) in ha x ha- As a result, as the degrees in a{x) of the left and right sides of Equality 

(2) are the same, 

(3) m - ^ niy = ^ tUy. 

7e3J+ 7eJi+ 

ffjy<0 and y(/ftt)^0 my>0 and y{//tt)^0 

Suppose m = nia. By Equality (1), 

n 7{xr^7{yr"y = ±i- 

7€3t+\|a| 

Since this equality does not depend on the choice of the subregular elements xq and yg in ha, it holds for all 
(x, y) in hreg X hreg- Hence ruy = 0 for all y in 1K+ \ {a} and m = 0 by Equality (3). It is impossible since 
nia t 0. Hence m = -ma- Then, by Equality (1) 

n yi^'^yiyr'”^ = ±a{xf’"a{y)-^'-. 

yeJlAia] 
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Since this equality does not depend on the choice of the subregular elements xq and yo in ho-, it holds for all 
(x, y) in hreg X hreg- Then m = 0, whence the contradiction. □ 

4.4. For 2 k' k, the projection 

ixi,...,xk)i—> {xi,...,xk') 

induces the projections 

Q{k) _^ Q(k') y(k) _^ y(k') 

Set: 

y(h) y{k) ^ y(k) 

^ 1,2 • '^1 ' ' *^2 ■ 

Lemma 4.9. Let oj be a regular differential form of top degree on without zero. Denote by co' its 
restriction to 

(i) For ip in k[F®], if ip has no zero then ip is in k*. 

(ii) For some invertible element if/ o/k[Vj 2 ^, co' = ifj(T 2 *{<jo'). 

(hi) The function ij/{ij/ocr 2 ) on F® equal to 1. 

Proof Following the arguments of the proof of Lemma 4.5, the lemma results from Lemma 4.2, (ii). □ 

Corollary 4.10. The function if/ is invariant under the action ofG in and for some sequence ma, a e 

in Z, 

ifj{xi, ...,Xk)^± ]~[ (a(xi)a(x2)"^)'”“, 

Q;£3t+ 

for all (xi ,..., Xk) in h^g X h^. 

Proof The corollary results from Lemma 4.9 by the arguments of the proof of Corollary 4.6. □ 

Proposition 4.11. There exists on V® a regular differential form of top degree without zero. 

Proof. As in the proof of Proposition 4.8, it suffices to prove that ma = 0 for all a in 3?+ since G.(I)reg x h*^“^) 
is a dense open subset of As F® 2 contained in f|^ 2 > ^Ua - 0 by the proof of Proposition 4.8. □ 

4.5. For 2 ^k' ^k, the projection 

^ X*' , {xi,...,xk,yi,...,yk) ^ {xi,... ,Xk',y\,... ,yk') 

induces the projections 

yfk) _^ ^ 

Set: 

Wfl := IF® n IF®. 

According to Corollary 4.3, (hi), VF® is equal to G.ix,i:(F® 2 )- 

Lemma 4.12. Let co be a regular differential form of top degree on IFj®, without zero. Denote by co' its 
restriction to 

(i) For ip in k[lF®], if ip has no zero then ip is in k*. 

(ii) For some invertible element if/ o/k[lFp 2 ]> — >fc(J' 2 *{co'). 

(hi) The function if/{if/ocT 2 ) on IF® equal to 1. 
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Proof. Following the arguments of the proof of Lemma 4.5, the lemma results from Lemma 4.2, (iii). 


□ 


Corollary 4.13. The function i]/ is invariant under the action ofG in VF® and for some sequence m^, a e 
in Z, 


t//°tx,k{xu ...,Xk) = ± ]~[ {a{xi)a{x 2 ) 
ae3l+ 


for all {x\,..Xk) in h^g X h^- 

Proof Since VF® = G-G/fVlfi 2 )’ the corollary results from Lemma 4.12 by the arguments of the proof of 
Corollary 4.6. □ 


Proposition 4.14. 


There exists on a regular differential form of top degree without zero. 


Proof. As in the proof of Proposition 4.8, it suffices to prove that ma = 0 for all a in 3?+ since G.tx,jt(hreg x 
1)^“^) is a dense open subset of ^s - G.Ix,/c(Vq^I 2 ^’ ma - 0 by the proof of Proposition 4.8. □ 

4.6. Recall that (G.A)^ is the normalization of G.X. Denote by the following fiber products: 


?(k) 


Vn.i 


g(k) 


^n,k 

(G.X)n 


G.X 


with V the normalization morphism, Trn,^, Vn,/t the restriction maps. 

Lemma 4.15. The variety is the normalization of 8.^^^ and Va,k A the normalization morphism. 

Proof. Since is a vector bundle over G.X, £® is a vector bundle over (G.A)n. Then £® is normal since 
so is (G.A)n. Moreover, the fields of rational functions on £® and £^^^ are equal and the comorphism of Va,k 
induces the morphism identity of this field so that Va,k is the normalization morphism. □ 

Denote by 3£o,jt, C®, C® the normalizations of respectively. Let Au, At,k be the 

respective normalization morphisms. 

Lemma 4.16. (i) There exists a projective birational morphism Tnp,kfrom £® onto Tq,*: such that To,/t = 
Ao,k°Tn,o,k- Moreover, ^ smooth big open subset o/£® and the restriction ofr^p^k to this 

subset is an isomorphism onto dQ 

(ii) There exists a projective birational morphism Ta,k from £® onto such that Tk°Vn,k - Ak°Ta,k- 

Moreover, is a smooth big open subset o/£® and the restriction of Ta,k to this subset is an 

isomorphism onto /l^^(y®). 

(iii) There exists a projective birational morphism Ta^„^kffomGXB8^Q^ onto C® such that = A„^k°'t'n,*,k- 

Moreover, A a smooth big open subset of G Xg 8^^ and the restriction ofTa,*^k to this subset 

is an isomorphism onto /l“J.(fF®). 

Proof, (i) According to Corollary 4.3, (i), To,/t is a birational morphism from £® onto 3£o,/t and £® is a 
normal variety since so is X by [C15, Theorem 1.1]. Hence it factorizes through /lo,/t so that for some 
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birational morphism Tno,/t from to whence the commutative diagram: 


cW 

*^0 



^ 0 ,^ \ ^ ^0,k 

Aik 


According to Lemma 4.1,(i)> is a projective morphism. Hence so is Tn,o,/t since it deduces from hy 
base extension [H77, Ch. II, Exercise 4.9]. 

According to Lemma 4.4, (i), Tq is a big open subset of Moreover, we have the commutative 

diagram 







A.k 



y(.k) 


By Lemma 4.2,(i), L® is a smooth open subset of Xqj^ so that Aqjt is an isomorphism from onto 

Vq \ By Corollary 4.3,(i), To,r is an isomorphism from Tq onto V® so that Tq is a smooth open 
subset of \ As a result, Tn_o,t: is an isomorphism from onto dQ^CL®). 

(ii) According to Corollary 4.3,(ii), Tk°VnA is a birational morphism from £® onto 6^*^^ and £® is a normal 
variety by Lemma 4.15,(i). Hence it factorizes through Aj, so that for some birational morphism from 
£® to e®, Tk°Vn,k = di:°Tn whcncc the commutativc diagram: 


gW ^ gW 

Tk 

Q(k) _^ Q(k) 

A 


According to Lemma 4.1,(i), Tk is a projective morphism. Hence so is since it deduces from Tk by base 
extension [H77, Ch. II, Exercise 4.9]. 

According to Lemma 4.4,(ii), is a big open subset of £® since is a finite morphism. 

Moreover, we have the commutative diagram 

^ T-1(V®) . 

^n,k Ti( 

' ' 

^ A}. 


By Lemma 4.2,(ii), V® is a smooth open subset of C® so that A^ is an isomorphism from onto 

L®. By Corollary 4.3,(ii), Tk is an isomorphism from onto V® so that is a smooth 

open subset of £^^i and Vn,/t is an isomorphism from onto As a result, Ta^ is an 

isomorphism from onto and is a smooth open subset of £n^\ 

(iii) According to Corollary 4.3,(iii), T^,^k is a birational morphism from G Xb £® onto S® and G Xb £® 
is a normal variety as a vector bundle over G Xb X which is normal by Proposition 3.2. Hence it factorizes 
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through so that for some birational morphism from G Xb to = ^*,k°Ta,*,k, whence the 

commutative diagram: 


G Xfi 



p{k) _ p(k) 

‘i-.k 


According to Lemma 4.1,(i)> T*,k is a projective morphism. Hence so is Tn since it deduces from by 
base extension [H77, Ch. II, Exercise 4.9]. 

According to Lemma 4.4, (iii), t“[(IL®) is a big open subset of G Xg Moreover, we have the 
commutative diagram 





By Lemma 4.2,(iii), is a smooth open subset of C® so that d* is an isomorphism from onto 

IL®. By Corollary 4.3, (i), is an isomorphism from onto so that is a smooth 

open subset of G Xg £q^\ As a result, Tn,*,k is an isomorphism from onto d“J.(VL^^i). □ 


Let ^ be one of the three varieties 3£o,t:> and set: 


3 := 


p(k) 

pik) 

On 

G Xb £® 


if = 
if ^ = e® , 


if 'D = e 


ik) 


X \- { 


Xn,Q,k if ^ “ ^Q,k 

Tn,k if V = ^ , 

Tn,*,k if 


3 : := 


A 

G.A„ 


if 

if ?) = ^) , 
- 


jt := < 


gxbX if ^D = e^") 


Ak) 


X 


Ak) 


(G.A)n 


if = 

if ^ ^ 


G Xb £® 


GxbX if V = Q' 


ik) 


where the arrow is the bundle projection in the last three equalities. 


Proposition 4.17. (i) The morphism x is a projective birational morphism. 

(ii) The set 3sm is the inverse image of Xsm by Jt. 

(iii) For some smooth big open subset D o/3sm> the restriction ofx to D is an isomorphism onto a smooth 
big open subset o/'f). 

(iv) The sheaves and ^ 3 ,^ have a global section without 0. 


Proof, (i) The assertion results from Lemma 4.16. 

(ii) As a polynomial algebra over an algebra A is regular if and only if so is A, 3sm - 3T“^(Tsm) since 3 is 
a vector bundle over X. 

(iii) The assertion results from Lemma 4.16 and Lemma 4.4. 

(iv) Lor the assertion results from Lemma C.l, Proposition 4.8, Lemma 4.2,(i) and Lemma 4.4,(i). 

Lor = C®, the assertion results from Lemma C.l, Proposition 4.11, Lemma 4.2,(ii) and Lemma 4.4,(ii). 
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For ^ the assertion results from Lemma C.l, Proposition 4.14, Lemma 4.2, (iii) and Lemma 4.4,(iii). 

□ 


5. Rational singularities 


Let ^ ^ 2 be an integer and let 3), 3> % ^ be as in Proposition 4.17. Denote by l the canonical 

embeddings ^ and 3sm-^ 3 ■ According to [Hir64], there exists a desingularization F of 

X with morphism 9 such that the restriction of 9 to 9“^(2:sni) is an isomorphism onto 3;sni. Let 3 be the 
following fiber product 


3 


0 


3 


K 

F 


e 


Jl 

3 ; 


with 9 and n the restriction maps so that 3 is a vector bundle of rank over F and Jt is the bundle projection. 
Moreover, 9 is projective and birational so that 3 is a desingularization of 3 and ^ by Proposition 4.17,(i). 

Proposition 5.1, Suppose ^ = Xq.I: or 

(i) The variety 3 A Gorenstein with rational singularities. Moreover, its canonical bundle is free of rank 
one. 

(ii) The variety ^ is Gorenstein with rational singularities. Moreover, its canonical bundle is free of rank 
one. 


Proof, (i) According to [Cl5, Theorem 1.1], X has rational singularities. Then, by Lemma D.l,(iii), so has 
G Xfi X as a fiber bundle over a smooth variety with fibers having rational singularities. As a result, by 
Lemma D.l,(iv), 3 has rational singularities as a vector bundle over a variety having rational singularities. 
Moreover, X is Gorenstein by Proposition 3.2,(i) and (iii). Then so is 3 as a vector bundle over X by 
Lemma D.l,(i). By Proposition 4.17, 03 ^^ has a global section without zero. Then, by Lemma C.2, 4 ( 03 ^^) 
is a free module of rank one. Since 3 has rational singularities, the canonical module of 3 is equal to 
i*(Q 3 ^^) by [KK73, p.59], whence the assertion. 

(ii) By Proposition 4.17, has a global section without zero. Denote it by a>. By Proposition 4.17,(iii), 
T*(m) is a local section of ^ 3 ^^^, above a big open subset of 3- So by (i) and [KK73, p.59], x*(a>) has a regular 
extension to 3- Denote it by to and by p the morphism 

fi _ 

0^-^ , ip I—> ipto. 

Since 00 has no zero, by Lemma C.2, x°Q„p is an isomorphism from Osj) onto and ^(ns^^^) is a free 
module of rank one. As a result, by [Hi91, Lemma 2.3], ^ is Gorenstein with rational singularities. Then, 
by [KK73, p.59], the canonical module of ^ is equal to i*(nsj)^^), whence the assertion. □ 

Corollary 5.2. (i) The variety is Gorenstein with rational singularities. Moreover its canonical module 
is free of rank one. 

(ii) The variety is Gorenstein with rational singularities. Moreover its canonical module is free of 
rank one. 

(iii) The varieties ctnd (G.X)n are Gorenstein with rational singularities. 
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Proof. In the proof, we suppose '3) = 

(i) According to [CZ14, Proposition 5.8,(ii)], is the categorical quotient of C® by the action of IP(IR). 

Hence, by [Boutot87, Theoreme] and Proposition 5.1,(ii), ^ has rational singularities. By Proposition 
4. 17,(iv), has a global section without zero. Then, by Lemma C.2, is a free module of rank 

one. Since ?) has rational singularities, the canonical module of is equal to by [KK73, p.50]. 

Moreover, ^ is Cohen-Macaulay. So, by Lemma C.3, t*(n 3 ^j^) has finite injective dimension, whence ^ is 
Gorenstein. 

(ii) Denote by m a global section of without zero. By Proposition 4.17,(iii) and Lemma C.2, 03 ^^ 
has a global section without zero whose restriction to a big open subset of 3 sm is equal to the restriction of 
T*(m). Denote it by o)'. Since ^ has rational singularities, to 6 (m) has a regular extension to 3 by [KK73, 
p.50]. Denote it by To. Then the restriction of S to 6 (3sm) is equal to 6 {to'). Let fi be the morphism 

fl ^ 

0^-^ , if I—> ifo). 

Since co' has no zero, by Lemma C.2, is an isomorphism from O 3 onto ^ 3 ^^ and 4 ( 03 ^^^) is free of rank 
one. As a result, by [Hi91, Lemma 2.3], 3 is Gorenstein with rational singularities. Then, by [KK73, p.50], 
the canonical module of 3 is equal to 4 (^ 3 ^^), whence the assertion. 

(iii) Since 3 is a vector bundle over % - {G.X)^, (G.A)n is Gorenstein with rational singularities by (ii) 

and Lemma D.l,(ii) and (iv). Then so is £„ as a vector bundle over (G.A)n by Lemma D.l,(i) and (iv). □ 

Summarizing the results. Theorem 1.1 results from Proposition 5.1,(ii), and Corollary 5.2,(i) and (iii). 
According to [Ri79], is the commuting variety of g and according to [C12, Theorem 1.1], is normal, 
whence: 

Corollary 5.3. The commuting variety o/g is Gorenstein with rational singularities. Moreover, its canonical 
module is free of rank 1 . 


6. Normality 

Let k be a positive integer. The goal of this section is to prove that To./t is a normal variety. Consider the 
desingularization (T, 0) of X as in Section 5. For simplicity of the notations, for k positive integer, we denote 

by Kk the bundle projection ^ X and by the fiber product 



with 0 jt and the restriction morphisms. 

6.1. Let F* be the dual of the vector bundle over T. 

Lemma 6.1. Let T* be the sheaf of local sections of F*. For i > 0 and for j > 0, H'(r, S^T*)) = 0. 

Proof. Since is the bundle projection of the vector bundle F^^^ over T, O^d) is equal to jti'*(S(3“*)) so that 

?fr*(04) = siT) 
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As a result, for i > 0, 


0 pm) = H'(r, s(j*)) = 0 H'(r, s^cr)) 

jen 

According to Lemma 3.1,(i), is a desingularization of the smooth variety b. Hence by [E178], 

H'(F<'>,Of(i)) -0 

for i > 0, whence 

H'(r, S^( J*)) - 0 

for i > 0 and j > 0. □ 

According to the identification of g and g* by the bilinear form (.,.), b_ identifies with b*. Denote by F_ 
the orthogonal complement to F^'Mn L x b_ so that F- is a vector bundle of rank n over L. Let 3"- be the 
sheaf of local sections of f 

Corollary 6.2. Let 3o be the ideal of Op ®ik S(b_) generated by 3"_. Then, for i ^ 0, H*(r, 3o) = 0 and 
H*(r, J.) = 0. 

Proof Since F- is the orthogonal complement to F^^^ in L x b_, 0o is the ideal of definition of F^^^ in 
Or (gijk S(b_) whence a short exact sequence 

0 ^ 00 ^ Or ®k S(b_) ^ S{r) 0 

and whence a cohomology long exact sequence 

-> H'(r, 8(3-*)) ^ H'+i(r, So) Op ®k S(b_)) ^ . 

Then, by Lemma 6.1, from the equality 

H‘(r, Op ®k s(b_)) - s(b_) H'(r, Op) 

for all i, we deduce H'fL, So) = 0 for I ^ 2. Moreover, since L is an irreducible projective variety, H°(r, Op) = 
k and since F^^l is a desingularization of b, H°(r, 8(3“*)) = S(b_) so that the map 

H”(r, Op ®k S(b_)) ^ H°(r, 8(3")) 

is an isomorphism. Hence H'(r, 3o) = 0 for / = 0,1. The gradation on S(b_) induces a gradation on 
Op ®k S(b_) so that So is a graded ideal. Since 3_ is the subsheaf of local sections of degree 1 of So, it is a 
direct factor of So, whence the corollary. □ 

Proposition 6.3. Let k, I be nonnegative integers. 

(i) For all positive integer i, H'(r, (3*)®^) = 0. 

(ii) For all positive integer i, 

H'+'(r,3®' ®Or (3*)®^) -0. 

Proof (i) According to Lemma 6.1, we can suppose k > 1. Denote by the restriction to the diagonal 
of T^ of the vector bundle F*^ over T*^. Identifying T with the diagonal of T*^, F*^ is a vector bundle over 
T. Since F* is the dual of the vector bundle over T, F^ is the dual of the vector bundle F^^i over T. 
Let ifk be the bundle projection of F* and let 3^ be the sheaf of local sections of F*. Then Opm is equal to 
i/'^(S(3p) and since F^^i is a vector bundle over T, for all nonnegative integer i, 

H'fF^^i, 0pm) = H'(r, 8(3^)) = 0 H'(r, Sp3^)). 

geN 
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According to Proposition 5.1,(ii)> for * > tho loft hand side is equal to 0 since F® is a desingularization 
of 3£() ,t by Proposition 4.17,(i). As a result, for i > 0, 

H'(r, s^(5^))) - 0. 

The decomposition of 3“^ as a direct sum of k copies isomorphic to 3"* induces a multigradation of S(3”p. 
Denoting by the subsheaf of multidegree (ji,... ,jk), we have 

0 and 

O j,..., 

JI+-+ 

Hence for i > 0, 

o-H'(r,s'(Sp)- 0 H'(r, 

n+■••+«=* 

whence the assertion. 

(ii) Let khe a nonnegative integer. Prove by induction on j that for i > 0 and for I > j, 

(4) H'+-'(r, 3^^ ®0r = 0. 

By (i) it is true for j = 0. Suppose y > 0 and (4) true for y - 1 and for all Z ^ y - 1- From the short exact 
sequence of Or-modules 

0 ^ 3'- ^ Or ®k h- ^ ^ 0 

we deduce the short exact sequence of Of-modules 

0 ^ 3^^ ®0r ^ b_ ®0r (3^)®(*+'-Z) ^ (g-*^®d:+/-y+l) ^ 0. 

From the cohomology long exact sequence deduced from this short exact sequence, we have the exact 
sequence 

Hi+y-i(r, gr®0-i) ^ H'+f(r, 3^^ <8)0r 

^ H'+f(F, b_ Ok 3^^-'"'^ Oor 


for all positive integer i. By induction hypothesis, the first term equals 0 for all i > 0. Since 
H'+f(F, b_ 0k 0or - b_ 0k H'+f(F, 


the last term of the last exact sequence equals 0 by induction hypothesis again, whence Equality (4) and 
whence the assertion for j = 1. □ 

The following corollary results from Proposition 6.3,(ii) and Proposition B.l. 

Corollary 6.4. For k positive integer and for I - {l\,... Jf) in 

h 4 

H'+l'l(F,/\T_0Or---®Or 


for all positive integer i. 
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6.2. By definition, F® is a closed subvariety of F x b^. Denote by g the canonical projection from F x b^ 
to F, whence the diagram 

—^rxb^ 

Q 

F 



For j = . ,k, denote by S the set of injections from {1,..., y} to {1,..., A:) and for <t in set: 


JCcT ■= Ml (giQr ■ ■ ■ ®0r Mjt with M/ := 


Or ®k S(b_) 

ao 


if cr({l,...,y}) 
if /ecr({l,...,y}) 


For y in {1,..., k], the direct sum of the dCo-’s is denoted by 3j,k and for cr in Siy, %cr is also denoted by 

^cr(\),k- 


Lemma 6.5. Let S be the ideal of definition of in Opxb*- 

(i) The ideal gfd) of Or 0k S(bi) is the sum o/3Ciy,..., %k,k- 

(ii) There is an exact sequence of Or-modules 


0 —> 3k,k —> 3k-i,k —> • • • —> 3i.k —> q*(3) —> 0 

(iii) For i > 0, H'(F x b^ 3)^0 j/H'+^tF, 3^^) - Ofor j = I,...,k. 

Proof (i) Let 3k be the sum of ..., %k,k- Since ao is the ideal of Or 0k S(b_) generated by 3"_, 3k is a 
prime ideal of Op 0k S(b^). Moreover, S'- is the sheaf of local sections of the orthogonal complement to F 
in F X b_. Hence 3k is the ideal of definition of F^^^ in Op 0k S(b^), whence the assertion. 

(ii) For a a local section of 3j,k and for cr in Syjt, denote by ao-(i),...,o-(y) the component of a on %a-. Let d 
be the map 3j,k —> ay-i,k such that 

j 

l=l 

Then by (i), we have an augmented complex 

0 —> 3k,k —> 3k-i,k —> • • • —> 3i,k —> e*(3) —> 0. 


Let J be the subbundle of the trivial bundle F x S(b_) such that the fiber at x is the ideal of S(b_) generated 
by the fiber F- ^ of F_ at x. Then 3o is the sheaf of local sections of J and the above augmented complex is 
the sheaf of local sections of the augmented complex of vector bundles over F, 

0 ^ Cf (F X S(b_), 7) ^-> C®(F X S(b_), 7) ^ 7 ^ 0 

defined as in Subsection B.2. According to Lemma B.2 and Remark B.3, this complex is acyclic, whence 
the assertion by Nakayama Lemma since 7, S(b_) and the complex are graded. 

(iii) Let i be a positive integer such that H'''‘^(F, 3^^) = 0 for y = 1,..., k. Then for y = 1,..., k and for cr 
in Syy., H'''‘^(F, %cr) - 0 since is isomorphic to a sum of copies of 3q‘^- Moreover, H'(F, X^k) = Ofor I - 
l,...,k since H'(F, 3o) = 0 by Corollary 6.2. Hence by (ii), since H* is an exact d-functor, H'(F, p*(iJ)) = 0, 
whence the assertion since g is an atfine morphism. □ 
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6.3. For k positive integer, for j nonnegative integer and for / = (Zj,..., 1^) in N^, set: 

h k 

Mjj ■- g)Or ^ :F_ ®0r • • • ®0r /\ J- 

Lemma 6.6. Let k be a positive integer and let (j, 1) be in N x N^. 

(i) The Or-module So is locally free. 

(ii) For j > 0, there is an exact sequence 

0 —> S(b_) 0]t —> S(b_) ®]t "Mj-iXfi-u) —> • • • 

—> S(b_) 0k —> M-j^i —> 0 

(iii) For i > 0, H'+^'^F, My,/) = 0. 


Proof, (i) Let v be in F and let F-^x be the fiber at v of the vector bundle F- over F. Then F^ x is a subspace 
of dimension n of b_. Let M be a complement to F_ x in b_. Since the map y i-> F_ y is a regular map from 
F to Gr„(b_), for all y in an open neighborhood F of v in F, 

b_ - F-^x ® M 

Denoting by 3^_ y the restriction of 3'_ to V, we have 

Oy 0k b_ — T-^y © Oy 0k M 


SO that 

Oy 0k S(b_) = S(T_,y) 0k S(M) 

whence 

So |y - S+(^-,v) ®k S(M). 

As a result, So is locally free since so is T-. 

(ii) Since So is the ideal of Op ®k S(b_) generated by the locally free module S'- of rank n and since S'- 
is locally generated by a regular sequence of the algebra Or ®ik S(b-), having n elements, we have an exact 
Koszul complex 

n 

0 ^ S(b_) 0k /\ ^-> S(b_) 0k ^ ao ^ 0 

whence a complex 

n 

0 ^ S(b_) 0k ^ T- ®0r My_i,/ ^-> S(b_) 0k 0Or My-y/ 

—> So ®Or ^ 0- 

According to (i), My-y/ is a locally free module. Hence this complex is acyclic. 

(iii) Prove the assertion by induction on j. According to Corollary 6.4, it is true for j = 0. Suppose that 
it is true for j - 1. According to the induction hypothesis, for all positive integer i and for p = I,... ,n, 

S(b_) 0k My-y(p,/)) - S(b_) 0k My_y(p,/)) - 0. 

Then, according to (ii), H''''^''‘I^I(F, Myy) = 0 for all positive integer i since H* is an exact d-functor. □ 


Proposition 6.7. The variety To,/: i^ Gorenstein with rational singularities and its canonical module is free 
of rank 1. Moreover the ideal of definition ofX^^k in S(b-)®* is the space of global sections ofS- 
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Proof. From the short exact sequence, 


®rxb* ^ 


we deduce the long exact sequence 


-. H'(r X 3) S(b_n ®k H'(r, Or) ^ Ofw) ^ H'+HF X b^ a) ^ • 

According to Proposition 2.2, (i), H'(F, Op) = 0 for / > 0 and according to Lemma 6.5,(iii) and Lemma 6.6,(iii), 
H'(F X b*^, a) = 0 for i > 0. Hence, Op-m) = 0 for i > 0, whence the short exact sequence 


0 


H°(F X b^ a) ^ S(b_)®* ^ Opm) 


0 


As is a desingularization of is the space of global sections of 0^(« by Lemma 1.2. Then 

= ]t[To,t:] since the image of S(b_)®^ is contained in k[3£o,^t]^ whence the proposition by Proposi¬ 
tion 5. l,(ii)- □ 

Corollary 6.8. (i) The normalization morphism of C® is a homeomorphism. 

(ii) The normalization morphism of S® is a homeomorphism. 

Proof, (i) As 3£o,/t is contained in b^, we deduce the commutative diagram 


G Xb Xqj 




G Xfi b^ 


•B 


rx 


(k) 


According to [CZ14, Proposition 3.4], the normalization morphism of 23® is a homeomorphism. Then 
since G x^ b^ is a desingularization of 23^^^ the fibers of yx are connected by Zariski Main Theorem [Mu88, 
§9]. Then so are the fibers of the restriction of yx to G x^ To.k since G Xg is the inverse image of 
According to Proposition 6.7, G Xg Xq^Jc is a normal variety. Moreover, the restriction of yx to G Xg Tq,* is 
projective and birational, whence the commutative diagram 


G Xb Xo,k 


rx 



oik) 


oik) 



with the normalization morphism. For v in = yxiT^^ix)). Hence is injective since the 

fibers of are connected, whence the assertion since /!* ,(- is closed as a finite morphism. 

(ii) Denote again by p the restriction of p to We have a commutative diagram 


oik) 


(0(k) 






e® 


with Ak the normalization morphism. According to [CZ14, Proposition 5.8], all fiber of p or pis, one single 
lT(2i)-orbit and by (i), A^:^k is bijective. Hence Ak is bijective, whence the assertion since Ak is closed as a 
finite morphism. □ 
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Appendix A. Notations 

In this appendix, V is a finite dimensional vector space. Denote by S{V) and /\ V respectively the sym¬ 
metric and exterior algebras of V. For all integer i, S’(V) and /\' V are the subspaces of degree i for the usual 
gradation of S(F) and /\ V respectively. In particular, S'{V) and /\‘ V are equal to zero for i negative. 

• For I positive integer, denote by 6/ the group of permutations of I elements. 

• For m positive integer and for Z = (Zi,..., Z^) in N'”, set: 

|Z| := Zi-i- \-l,„ 

S\V):= S\y) • • • ®k S'-CF) 

/ 

^y:= A'' 

• For k positive integer and for Z = (Zi,..., Z^) in N"* such that 1 < |Z| < k, denote by the k-th tensor 
power of F and by S/ the direct product S/j x • • • x . The group S/ has a natural action on F®^ given by 

(CTi,. . 


The map 


^k. 


• 1 ^ 1 • _ 


= 1 creSi 


is a projection from F®^ onto (F®^)®'. Moreover, the restriction to (F®^)®' of the canonical map from F®^ 
to S^(F) g)k F®(^-I'l) is an isomorphism of vector spaces. 


Appendix B. Some complexes 

Let X be a smooth algebraic variety. For M a coherent Ox-module and for k positive integer, denote by 
M®* the Zc-th tensor power of M. According to Notations A, for all Z in N"* such that |Z| < k, there is an 
action of S/ on M®^. Moreover, S^(M) and A^ M m'e coherent modules defined by the same formulas as in 
Notations A. 

B.l. Let £ and M be locally free Ox-modules. 

Proposition B.l. Let i be a positive integer and suppose that 

H<+7(X, £®^ M) - 0 


for all nonnegative integers j, k. 

(i) For all positive integers m and k and for all I in N™ such that |Z| < k, 

H'(A, S'(£) ®0x ®0x = 0- 

(ii) For all positive integers n\, n 2 , k and for all (Z, m) in N”’ X such that \l\ + \m\ < k, 

m 

H'(X, S'(£) ®Ox A ^ M) - 0. 
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Proof, (i) Since ttj;/(£®*) is isomorphic to S^(£) £®(*-l^l) and since is a projector of £®*, S^(£) ® 0 x 

g®(A:-|/|) jg isomorphic to a direct factor of £®^ and S^(£) ® 0 j. £*(*“1^1) 00 ^ M is isomorphic to a direct factor 
of £®^ ® 0 x M, whence the assertion. 

(ii) Denoting by e(cr) the signature of the element cr of the symmetric group the map 

g®m —^ g®m a I^tr£S„ Ei.cr)cr.a 

is a projection from £®“ onto a submodule of £®'” isomorphic to /\'” £. So, f\'^ £ is isomorphic to a 
direct factor of £®'”. Then, by induction on m, for I in N™, /\‘ t is isomorphic to a direct factor of £®I^L 
As a result, according to (i), for all positive integers n\, n 2 , k and for all (/, m) in N”' x such that 
|Z| + \m\ < k, S^(£) ® 0 x A™ £ (g)o^ M is isomorphic to a direct factor of £®^ ® 0 j. M, whence 

the assertion. □ 

B.2. Let IT be a subspace of V and set E := V/W. Let C^f\v, W), n = 1,2,... be the sequence of graded 
spaces over N defined by the induction relations: 

IT) V d^\v, W) := IT cfV, W) 0 

c||”\t, IT) := T®" Cf\v, W) := cf~^\v, IT) T © cfS^^\v, W) IT 
for i > 2 and j > 1 . 

Lemma B.2. Let nbe a positive integer. There exists a graded differential of degree on C^f\v, W) such 
that the complex so defined has no homology in positive degree. 

Proof. Prove the lemma by induction on n. For n = 1, d is given by the inclusion map IT-^ V . Suppose 

that c1”~^\t, IT) has a differential d verifying the conditions of the lemma. For j > 0, denote by 6 the linear 
map 

C^p(V, W) -^ > (a®v, b®w) \—> (dfl;®i; + {-Ifb^w, Ab^w) 

with a, b, V, w in IT), IT), V, W respectively. Then d is a graded differential of degree -1. 

Let c be a cycle of positive degree j of C^f \v, IT). Then c has an expansion 

d d' 

c = (^ aimu ^ bimd 
i=\ i=\ 

with v\,...,Vd a basis of V such that vi,...,Vd’ is a basis of IT and with a\,... ,ad and bi,...,bd’ in 
C^”“^\t, IT) and W) respectively. Since c is a cycle, 

d d' 

^ Aai^Vi + (-!)■' ^ bimi = 0 
i=l i=\ 

Hence bi = (-l)^‘'''da, for / = 1,..., <i' so that 

d' d d' d' d d' 

c + d( 0 , ^(-l)-'a,•»[)/) ^ ai^Vi + ^ aimi, ^{bi^Vi + {-If dat^Vi)) ^ a,®t;; + ^ a,•»£;,■, 0 ). 

/=1 /=1 i=l i=l i=l f=l 

So we can suppose bi= ■ ■ ■ = bd’ - 0. Then ai,... ,arf are cycles of degree j of IT). By induction 

hypothesis, they are boundaries of ci”~'\T, IT) so that c is a boundary of C^f \v, W), whence the lemma. □ 

Remark B.3. The results of this subsection remain true for T or IT of infinite dimension since a vector space 
is an inductive limit of finite dimensional vector spaces. 
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Appendix C. Rational Singularities 
Let X be an affine irreducible normal variety. 

Lemma C.l. Let Y be a smooth big open subset ofX. 

(i) All regular differential form of top degree on Y has a unique regular extension to 

(ii) Suppose that o) is a regular differential form of top degree on Y, without zero. Then the regular 

extension of oj to has no zero. 

Proof, (i) Since is a locally free module of rank one, there is an affine open cover 0\,... ,0k oi Xgm 
such that the restriction of to Oi is a free Oo,-module generated by some section eoi. For i = 1,.. .,k, 
set O'^ := Oi n Y. Let oi be a regular differential form of top degree on Y. For i = 1, • ■ • ^ k, for some regular 
function a, on O'., is the restriction of a> to O'.. As F is a big open subset of X, O', is a big open subset 
of Oj. Hence a, has a regular extension to Oi since O, is normal. Denoting again by a; this extension, for 
1 < i, j < k, aiOJi and ajcoj have the same restriction to O', n O', and Oi D Oj since Ox^m is torsion free as a 
locally free module. Let oj' be the global section of Qx^m extending the aiCOi's. Then co' is a regular extension 
of eo to Asm and this extension is unique since F is dense in Asm and Ox^n, is torsion free. 

(ii) Suppose that to has no zero. Let S be the nullvariety of a>' in Ag^. If it is not empty, X has codimension 
1 in Agm. As F is a big open subset of A, X D Ag^ is not empty if so is X. As a result, X is empty. □ 

Denote by i the inclusion morphism Agm-^ A . 

Lemma C.2. Suppose that Ox^m has a global section to without zero. Then the Ox-module i*(Dxsm) is free 
of rank 1. More precisely, the morphism 9: 

Q 

Ox- 4(Dx„„) , lA '—^ tAm 

is an isomorphism. 

Proof. For ip a local section of 4(nxsn,) above the open subset U of A, for some regular function lA on 
L! n Agm, 

iA(m|c/nXsm) ^ T- 

Since A is normal, so is U and U n Agm is a big open subset of U. Hence (A has a regular extension to U. As 
a result, there exists a well defined morphism from to Ox whose inverse is 9. □ 

According to [Hir64], A has a desingularization Z with morphism t such that the restriction of r to 
'!'~^(Agm) is an isomorphism onto Agm. Since Z and A are varieties over k, we have the commutative diagram 

Z-^--A. 



Spec(k) 


According to [H66, V. §10.2], p'(k) and < 7 '(k) are dualizing complexes over Z and A respectively. Fur¬ 
thermore, by [H66, VII, 3.4] or [Hi91, 4.3,(ii)], p’(k)[-dimZ] equals Oz- Set ® ^■(k)[-dimZ] so that 

t'(!D) = Q.Z by [H66, VII, 3.4] or [Hi91, 4.3,(iv)]. In particular, T ) is dualizing over A. 

Lemma C.3. Suppose that X has rational singularities. Let M be the cohomology in degree 0 of ID. Then 
the Ox-modules rfClz) cmd M are isomorphic. In particular, rfClz) has finite injective dimension. 
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Proof. Since r is a projective morphism, we have the isomorphism 

(5) RT*(R^omz(f2z, ^z)) -- R^omx(R(T)*(Qz), ®) 

by [H66, VII, 3.4] or [Hi91, 4.3,(hi)]. Since W(KJ^omz{0.z,^z)) = Oz for i = 0 and 0 for i > 0, the left 
hand side of (5) can be identified with Rt*(Oz). Since X has rational singularities, Rt*(Oz) = Ox and P has 
only cohomology in degree. Moreover, by Grauert-Riemenschneider Theorem [GR70], RTt(nz) has only 
cohomology in degree 0, whence /?t*(Gz) - T*(nz)- Then, by (5), we have the isomorphism 

Ox -^ Jifomx{{T)^{Q.z),'M) . 

As P> is dualizing, we have the isomorphism 

RT^t{Q.z) -^ RJifomx{RJ^omx{RTt{0.z), “D), “D) 

whence the isomorphism Tt,{Q.z) -^ M . As a result, t*(Gz) has finite injective dimension since so has 

M. □ 


Appendix D. About singularities 

In this section we recall a well known result. Let X be a variety and Y a fiber bundle over X. Denote by t 
the bundle projection. 

Lemma D.l. (i) IfX is Gorenstein and the fibers ofr are Gorenstein, then so is Y. 

(ii) IfY is a Gorenstein vector bundle over X, then X is Gorenstein. 

(iii) Suppose that X and the fibers ofr have rational singularities. Then so has Y. 

(iv) IfY is a vector bundle over X, X has rational singularities if and only if so has Y. 

Proof. Let ^ be in T, x := T{ij) and the fiber of Y at x. Denote by Ox.x and the completions of the 
local rings Ox,x and Oy^ respectively. 

(i) By hypothesis, Ox,x and Op^^y are Gorenstein. Then so is Ox,x Op^^y. So by [Bru, Proposition 
3.L19,(a)], Oyy is Gorenstein, whence the assertion. 

(ii) Since F is a vector bundle over X, Oy^ is a ring of formal series over Ox,x- By [Bru, Proposition 
3.L19,(c)], Oyy is Gorenstein. So, by [Bru, Proposition 3.L19,(b)], Ox.x is Gorenstein. Then by [Bru, 
Proposition 3.L19,(c)], Ox,x is Gorenstein, whence the assertion. 

(iii) There exists a cover of X by open subsets O such that is isomorphic to O x F. According to 

the hypothesis, O and F have rational singularities. Then so has whence the assertion since a variety 

has rational singularities if and only it has a cover by open subsets having rational singularities. 

(iv) If F is a vector bundle over X, then there exists a cover of X by open subsets O, such that t~^{0) is 

isomorphic to (9 x k'” with m - dim F - dimX. According to [KK73, p.50], O x k'" has rational singularities 
if and only if so has O, whence the assertion since a variety has rational singularities if and only it has a 
cover by open subsets having rational singularities. □ 
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